Abstract. Given N positive integers a 1 , . . . , a N with GCD (a 1 , . . . , a N ) = 1, let f N denote the largest natural number which is not a positive integer combination of a 1 , . . . , a N . This paper gives an optimal lower bound for f N in terms of the absolute inhomogeneous minimum of the standard (N − 1)-simplex.
Introduction and statement of results
Given N positive integers a 1 , . . . , a N with GCD (a 1 , . . . , a N ) = 1, the Frobenius problem asks for the largest natural number g N = g N (a 1 , . . . , a N ) such that g N has no representation as a non-negative integer combination of a 1 , . . . , a N . The simple statement of the Frobenius problem makes it attractive. For a summary of the results on this problem see the forthcoming book [8] .
This paper gives a sharp lower bound for the function
in terms of geometric characteristics of the standard (N − 1)-simplex. Clearly, f N = f N (a 1 , . . . , a N ) is the largest integer which is not a positive integer combination of a 1 , . . . , a N . Given a ray set S in R N −1 the inhomogeneous minimum of S with respect to a lattice L is the quantity µ(S, L) = inf{σ > 0 : L a covering lattice of σS} and the quantity
is called the (lower) absolute inhomogeneous minimum of S. If S is Lebesgue measurable and vol (S) < ∞ then µ 0 (S) does not vanish and is finite (see [4] , Chapter 3). The quantity µ 0 (S) is closely related to the covering constant Γ(S) of the set S, where
By Theorem 1, Ch. 3, §21 of [4] (see also [1] ) for each Lebesgue measurable set S
and by Theorem 2 ibid.
Let S N −1 be the standard simplex given by
holds. Here the constant µ 0 (S N −1 ) is best possible.
The only known value of µ 0 (S N −1 ) is µ 0 (S 2 ) = √ 3 (see e. g. [3] ). In the latter case Theorem 1 repeats a result of [2] . In [5] (see also [9] ) it was shown that
From (1), (2) and (3) we get a better estimate
The inequality (3) is a corollary of Theorem 2.5 of [6] . In order to show that the bound (3) is sharp, we need the following theorem implicit in [7] . For a = (a 1 , a 2 , . . . , a N ), let us introduce the lattice
there exists an infinite arithmetic progression P and a sequence
such that GCD (a 1 (t), . . . , a N −1 (t), a N (t)) = 1 and the lattice L a(t) has a basis
and
For completeness, we give a proof of Theorem 2 in Section 3.
Proof of Theorem 1
Without loss of generality, we may assume that 0 < a 1 < a 2 < . . . < a N . Recall that a = (a 1 , a 2 , . . . , a N ) and put
Define the simplex S a as follows:
Theorem 2.5 of Kannan [6] states that
The inhomogeneous minimum µ(S, L) satisfies
Thus, if we define
Since det L a = a N , the lattice L u has determinant 1. Therefore
The simplices (α 1 · · · α N −1 ) 1/(N −1) S α and S N −1 are equivalent up to a linear transformation of determinant ±1. Thus
and we get from (8) and (7) that
To prove that the constant µ 0 (S N −1 ) is optimal, for any ǫ > 0 we construct an infinite sequence {a(t)} of primitive integer vectors such that
for sufficiently large t.
The standard simplex S N −1 is a ray set, hence the quantity µ 0 (S N −1 ) is well defined. However, it is not known if µ 0 (S N −1 ) is attained. For ǫ > 0 we can choose a lattice L ǫ of determinant 1 with
Since rational lattices are dense, we may assume that L ǫ ⊂ Q N −1 . By Theorem 2, given a lattice L ⊂ Q N −1 , there exists a sequence of integer vectors a(t) such that the sequence of the lattices L a(t) after an appropriate normalization tends to L.
Let 0 < ǫ 0 < 1 be a real number such that
Choose rational numbers α 1 , . . . , α N −1 such that
and apply Theorem 2 to the lattice L ǫ with chosen α 1 , . . . , α N −1 . We get a sequence {a(t)} t∈P satisfying (4), (5) and (6) . Consider the lattice
This lattice has determinant 1 and since by (5)
, we get by (4) that L t → L ǫ as t → ∞. Clearly, for sufficiently large t
We want to show that {(x 1 , . . . , x N −1 ) : x i ≥ 0 reals and
In view of (6) and (11), for sufficiently large t all numbers a j (t) are different and
Thus by (10) and (12)
Since, for t large enough, S N −1 ⊂ S α(t) , we have
and therefore
Combining the bounds (9), (12) and (14) we get the inequality
Proof of Theorem 2
Let us consider the matrices
Denote by M i = M i (t, t 1 , . . . , t N −1 ) and B i the minors obtained by omitting the ith column in M or in B respectively. Following the proof of Theorem 2 in [7] , we observe that
and M 1 , . . . , M N have no non-constant common factor. By Theorem 1 of [7] applied with m = 1, F = 1, and F 1ν = M ν (t, t 1 , . . . , t N −1 ), ν = 1, . . . , N, there exist integers t * 1 , . . . , t * N −1 and an infinite arithmetic progression P such that for t ∈ P 
